Calculations based on the usual one-dimensional theory of piezoelectric crystal systems have been carried out for several particular variable resonant frequency crystal systems radiating into water. Curves are presented showing the (1) power output as a function of frequency for operation both on and off resonance, (2) resonant frequency shift as a function of backing length, and (3) relative band width as a function of frequency. The validity of certain approximations is checked so that the operating characteristics of systems made up of different materials can be quickly estimated. The curves indicate that a variable resonant frequency system of crystals all of equal free-free resonant frequency operating with an allowable power variation for fixed applied field strength of 2:1 can have a continuous variation of resonant frequency of about 2.3:1. A system half the crystals of which have twice the free-free resonant frequency of the others for the same allowable field strength variation can operate over a frequency range of about 5.3: 1.
properly coupled to the crystal, is decoupled from the chamber walls, and is of a suitable geometry to shift the frequency as desired. The theoretical aspects of this previous work considered the crystal system under nonradiating conditions while the experimental work dealt with both nonradiating and radiating situations.
It is the purpose of this paper to consider from the viewpoint of the usual one-dimensional theory of piezoelectric crystal systems 4 some of the characteristics of such systems under radiating conditions. The characteristics investigated are power output as a function of frequency for operation both on and off resonance, resonant frequency shift as a function of backing length, and relative band width (the reciprocal of Q) as a function of resonant frequency. Curves of these properties of the crystal system are presented for a number of harmonics as well as for the fundamental frequency, since both theoretical and experimental work demonstrate that under certain conditions, operation on harmonics is to be preferred over operation on the fundamental frequency.
Fry, Fry, and Hall 2 analyzed the mercury backing on the basis of a three-dimensional theory. With respect to the range of applicability of a one-dimensional * This work was supported by the Bureau of Ships under Con- theory, a consideration of their work indicates that the effects of the more complex theory show up mainly in the calculated length of mercury backing required to shift the frequency to any given operating point and in the design criteria to keep losses low. For situations where the cross-sectional dimensions are large compared to the wavelength and the system is lossless, the more complex analysis reduces to the lossless onedimensional theory analysis used herein. The present investigation assumes that losses in the backing are negligible compared to the power radiated. Some objections to the use of a one-dimensional theory are suggested by the experimental investigations. It appears that interference from various modes of vibration in the crystal enter the picture. Shear waves in the liquid medium used to surround the crystals and to couple them to the water into which they radiate are of importance in determining the efficiency of the transducers. These problems are beyond the scope of this paper.
The extensive numerical work required for the curves was carried out on the Ordvac digital computer, and while it is felt that such an instrument is a powerful tool for use in solving complex acoustical problems, it is considered desirable where possible to indicate approximations that are valid as checked by the computer so that useful results can be obtained by rapid hand computation. With this in mind, a study of the calculations and curves indicated that the equation for the curve of power output as a function of resonant frequency can be quite accurately derived for systems of the type considered herein, under the assumption that the frerluency of operation is not shifted by the radiation loading. This assumption appears to be valid for all commonly used crystal and ceramic transducer materials radiating directly into water. Furthermore, the shape of the desired curve is the same for all such materials under this assumption. Only changes of scale occur and these are a natural result of the different acoustic impedances involved. This curve is therefore applicable to all reactively loaded crystal and ceramic systems radiating directly into water. peaks. For the cases involving ADP, evaluations were performed for between 500 and 1000 values of tt for each value of •. In the case of barium titanate the Q of the system radiating into water is much higher than for ADP, therefore, about ten times the point density was used. Figures 3, 4 , 5, 6, 7, and 8 show some representative curves for the ADP-mercury and barium titanate-mercury systems. It is apparent from these curves that the Q of the barium titanate system is on the average about six times that of the ADP system. band widths for the barium titanate system are about one-sixth of those for the AD Psystem. From these curves it will be noted that the rela•tive band width approaches zero in the limit as fi approaches 2 and 4. This is readily shown in the following manner. 
